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We study Onsager’s theory of large, coherent vortices in turbulent flows in
the approximation of the point-vortex model for two-dimensional Euler
hydrodynamics. In the limit of a large number of point vortices with the energy
per pair of vortices held fixed, we prove that the entropy defined from the
microcanonical distribution as a function of the (pair-specific) energy has its
maximum at a finite value and thereafter decreases, yielding the negative-tem-
perature states predicted by Onsager. We furthermore show that the equilibrium
vorticity distribution maximizes an appropriate entropy functional subject to
the constraint of fixed energy, and, under regularity assumptions, obeys the
Joyce-Montgomery mean-field equation. We also prove that, under appropriate
conditions, the vorticity distribution is the same as that for the canonical dis-
tribution, a form of equivalence of ensembles. We establish a large-fluctuation
theory for the microcanonical distributions, which is based on 2 level-3 large-
deviations theory for exchangeable distributions. We discuss some iroplications
of that property for the ergodicity requirements to justify Onsager’s theory, and
also the theoretical foundations of a recent extension to continuous vorticity
fields by R.Robert and J. Miller. Although the theory of two-dimensional
vortices is of primary interest, our proofs actually apply to a very general class
of mean-field models with long-range interactions in arbitrary dimensions.

KEY WORDS: Negative temperatures; coherent vortices; statistical
mechanics approach to turbulence; maximum entropy principle; large
deviations.

1. INTRODUCTION: THE ONSAGER THEORY

In a famous paper published in 1949 Onsager proposed a statistical theory
of the formation of large-scale, long-lived vortex structures in turbulent
flows.®) We would like here to briefly review the elements of Onsager’s
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834 Eyink and Spohn

theory with an emphasis on its dynamical foundations. Thereafter, we
review also some of the theoretical developments and critical discussions
which have followed Onmsager's proposal. As the conclusion of this
introductory section, we state precisely the theorems which are our own
contribution to the literature of the subject.

It must be emphasized at the outset that Onsager’s theory is not,
apparently, directly relevant to the scale-invariant, turbulent cascade state
which is often the subject of turbulence theory.> The latter universal
statistical state is believed to attain in high-Reynolds-number turbulent
flows for the “inertial subrange” of scales, far below the integral length
scale imposed by the macroscopic flow boundaries and far above the inner
or dissipation scale where viscosity effects become influential (see refs. 2
and 3). The regime considered by Onsager is also far above the scale set
by viscous dissipation—so that the Euler equations of ideal hydrodynamics
should be applicable—but in fact consists of the largest scales of the flow,
of the macroscopic length scale. It may be misleading to use a terminology
similar to that employed for homogeneous turbulence, since the situations
we consider are actually rather different, but it seems appropriate to refer
to this regime as the “inertial super-range” of scales. More simply and less
prejudicially, we may refer to the “macroscopic range” of scales. In fact, as
we shall see, the influence of boundaries or global flow constraints plays a
vital role in the phenomena we discuss.

An essential limitation of Onsager’s theory is that it applies to only
quasi-two-dimensional flows in nature. Since there are some important
situations, such as atmospheric or geostrophic turbulence, where a
two-dimensional description seems valid,'® the theory is not without
practical interest. Two-dimensional turbulence is, of course, also useful as
a theoretical toy and may be tested against numerical simulations.

Another limitation of Onsager’s theory, as originally formulated, is
that it applied only to situations where a vortex model of the two-dimen-
sional Euler equations should be valid. The latter approximation applies
when the fluid vorticity is dilute and concentrated into small “blobs.” It has-
been known since Kirchhoff® that such vortex blobs obey approximately
a Hamiltonian particle dynamics. To be specific, let us consider a bounded
flow domain A. The system of Euler equations for the fluid velocity
v=(v,,v,)in 4 is

v+ (v-V)v=-Vp
Vev=0
vefi|,, =0
v(x, 0) =vo(x)
2However, an interesting recent attempt along these lines is contained in ref. 4, which
discusses vortex filaments as equilibrium models of the three-dimensional cascade state.

(1.1)
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where p is the fluid pressure and fi is the normal to 9. It is assumed here
that the density of the fluid is p = 1. An equivalent description is in terms
of the (pseudoscalar) vorticity w=(Vxv)-8&,:

0,0+ V-(vo)=0

0 (x, 0) = () 42
Vxv=wé,
V-v=0 (1.3)
veiif,,=0

The second group of equations may be solved by introducing the stream
Junction i according to the relation v=V x (y&;) = (3,¢, — 8,y ). Then, the
function ¢ must obey

—dy=w
Yloa=0

If —V 4(x, y) is the Green’s function of the Laplacian with 0-Dirichlet b.c.
on 04, then the first equation above may be inverted as

(1.4)

Y(x)= L dy V4(x, y) @(y) (L.5)

Now, imagine a situation where w=31 , w;, the w, have definite
signs, small disjoint supports centered at x,,.., x,, and total circulations
jdx w;(x)=R;,i=1,.., N. Then, it is known that the centers of the “blobs”
move approximately according to a Hamiltonian evolution

Justt. L 1.
R, dt 0x;y (16)

dx;, 0H ,

st 2 1.
Ri dt Bx ;4 (17

where
H (X505 Xy) =Z REIW 4(x;)+ Z R:R;V 4(x;, y;) (1.8)

i i<j

The terms W ,(x;), which are absent for free space A4=R? represent
the individual energies of each vortex with the image charges necessary
to maintain the boundary conditions and with an infinite self-energy
subtracted:

WA(x):'}iinx%[VA(x’ V= Velx, y)] (1.9)
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where
1
Voo(xa )’)= —Tlog |X"‘y[ (110)
7

is the pair-potential in free space. In fact, it may be proved rigorously that
the vorticity field calculated from the point-vortex model solution x,(t) for
initial data x,(0)=x;,,

w,(x)=Y R;6(x—x,(1)) (1.11)

is, for a finite time interval, the weak limit of the solution of (1.2) if
the initial data w, for the latter converge weakly to 3, R;6(x—x;). (See
Theorem 4.3 of ref. 7.) The vortex model breaks down as an approximation
to Euler dynamics for blobs of finite radius in a close approach: eg., a
strong vortex may stretch a nearby weaker vortex into a long ribbon of
vorticity under the shear of its velocity field.®” However, such close
encounters occur for initial conditions of vanishing Liouville measure as
the core radius shrinks to zero (in fact, this may be used to construct a
global dynamics for the point-vortex model as a limit of a model with
“cores”; see ref. 9 and Theorem 2.1 of ref. 7). The vortex model will further
fail to describe the evolution of vortex blobs in real fluids, governed by
Navier—-Stokes equations, as the effects of (kinematic) viscosity v, such as
diffusion of vorticity, manifest on a long time scale ~ 1/v.

The fundamental hypothesis of the Onsager theory was that, under a
wide variety of circumstances, the long-time distribution of the point vor-
tices should be governed by equilibrium statistics. The dynamical basis of
this hypothesis lies in the assumptions (i) that the system of vortices shall
be energetically isolated, and (ii) that, as a consequence of the ergodicity
of the point-vortex dynamics, a microcanonical equilibrium distribution
shall be achieved over the energy surface. The assumption (i) of energetic
isolation can never be strictly true, as the vortex system shall always lose
energy to molecular degrees of freedom by the effects of viscosity. However,
there is a well-known tendency in two-dimensional turbulence for energy to
flow to and reside in the largest scales, the so-called inverse energy cascade
predicted by Kraichnan.®® This is seen, for example, in the decay of an
initial turbulent vorticity field studied by McWilliams*" as the evolution
of large coherent vortices from the chaotic surrounding flow (see also
ref. 12). Such large vortex structures are only weakly dissipated by
viscosity. The second assumption (ii), ergodicity of the point-vortex model,
is a difficult dynamic problem and rather problematic. There are certainly
indications that, in many circumstances, the vortex dynamics shall not
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have a single ergodic component, but, indeed, a region of finite Lebesgue
measure where it is completely integrable (see ref. 13 and ref. 7, Section 2).
However, as we shall see later, conditions much weaker than strict
ergodicity would suffice to justify equilibrium statistics. A more serious
question is the time scale of relaxation to equilibrium, since, for the validity
of Onsager’s proposal, the effective microcanonical distribution must be
achieved, certainly, in less than the viscous diffusion time. Simulations of
the point-vortex model itself show that configurations with widely scattered
clusters of vortices may fail to equilibrate rapidly overall’* (although
individual clusters may achieve a “local equilibrium”).

However, let us assume with Onsager that, in fact, the large-time
statistics is a microcanonical equilibrium. From this we may see already
that, for high energies, the configurations with a close clustering of vortices
of like sign shall be statistically dominant. This is a consequence just of
the energy constraint; cf. the expression (1.8) for the vortex Hamiltonian.
Therefore, the formation of large compound vortices in two dimensions
may be considered a simple analogue of the more complicated three-
dimensional phenomenon of “folding” of stretched vortex tubes.!*)

On the other hand, another illuminating point of view may be
obtained by going to an equivalent canonical description. It was a
fundamental observation of Onsager that, as a consequence of the
boundedness of the phase space, the state of maximum entropy for the
vortex gas does not correspond to the maximum possible energy. Clearly,
the state with maximum Gibbs entropy

S(un)= — L~ - dxy fog (X1 s %) 108 iy (1o Xn)  (112)

is just the distribution
1

= (1.13)

Hy (xl Fadad] xN)

[[A] =A(A), where A is Lebesgue measure], for which the vortices are
independently, uniformly distributed over A, and the maximum entropy
value is N-log |4|. However, this distribution does not give the maximum
energy. To keep things simple, consider the case where all R, = 1. Then, the
above state corresponds to a mean energy

dx r dy

1
=y NOV=1) [ S0 [ 20

Valx, y)+NL% Wax)  (L14)

However, much larger energies are possible for states in which the vortices
are all squeezed close together. This suggests that, if the entropy is written
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as a function of the mean energy S(E), it shall be decreasing for E> E .,
corresponding to a negative absolute temperature. For a negative-tem-
perature canonical distribution, like-sign vortices shall statistically attract,
which provides another explanation of the phenomenon of large vortex
clusters. We would like to remark that Onsager made his original
argument with the Boltzmann entropy defined from the microcanonical
phase-space volume, whereas the Gibbs form of the entropy allows an easy
evaluation of the critical energy.

It may be worth pointing out, parenthetically, that the above
considerations also apply for clusters of vortices in essentially unbounded
flow situations as a consequence of additional conserved quantities of the
vortex dynamics. In fact, the center of vorticity

N O R.x,
X=Sizl it 1.15
TEL R 113
and the angular momentum (internal, or relative to the center)
N
L*=Y Ri(x,—X) (1.16)
i=1
are both conserved. Notice that the latter in particular restricts
L
—X g — 1.17
= X < (L17)

so that the accessible phase space in the frame of the mean motion of the
vortices is, in fact, bounded.

Now, Onsager did not in fact propose an asymptotic limit for the
validity of his theory. Indeed, the study of the standard thermodynamic
limit had only been just begun in 1949 by van Hove.!'® However, one
expects a thermodynamic description to be valid in a limit N — oo. This
question was taken up by Frohlich and Ruelle in 1982.¢7) They studied a
neutral vortex gas (3; R;=0) in the standard thermodynamic limit where
N - oo with e= E/N, ¢ = N/|A| held fixed. (Because of the scaling proper-
ties of the vortex gas, one can also consider this limit to be one in which
A is held fixed: see Section 5.4 of ref. 17.) The result of their work was that
the entropy function s(e, ¢) obtained as the limit of the microcanonical
entropy in the above standard form did not decrease over any interval, as
suggested by Onsager’s argument, and therefore the predicted negative-
temperature states did not exist. Frohlich and Ruelle admitted the
possibility of alternative limits (Section 5.4), but they suggested that their
result ruled out a nontrivial entropy function for any other limiting proce-
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dure. This argument is not conclusive, because the scaling relation (3.8) in
their paper implies, with their main result, that the scaling we consider
below gives a limiting behavior +oo0—oo and could, therefore, be
nontrivial.

In fact, it seems clear that a different scaling is called for. In the first
place, Onsager was attempting to explain the origin of nontrivial vortex
structures on the scale of the flow domain A. If such a vortex structure is
composed of a “cloud” of point vortices, then clearly it has an energy
~N?, where N is the number of point vortices in the cloud. Indeed, every
pair of vortices at positions x,, x; in the cloud contributes an interaction
energy V(x,;, y;) of order unity. Furthermore, the critical energy E;
observed by Onsager to give the maximum entropy itself grows like N2, as
may be directly seen from the formula (1.14). Therefore, we infer that the
negative-temperature description proposed by Onsager is likely to be valid
when the number of vortices N is large and the energy per pair of vortices,
e=E/N?, is of order unity, and, in fact, greater then some critical value

Corit = 2[ Vikp |/1| V (x, y)< +0 (1.18)

To our knowledge, the correct scaling of the energy as N* for Onsager’s
theory was first stated in 1977 by Lundgren and Pointin."® It may be
worth remarking that if one approximates a continuous vorticity distribu-
tion by N point vortices of strength 1/N [cf Eq.(1.27)], then the
hydrodynamic energies considered are relatively high, ie., e>e,, but
finite-valued in the limit N — co.

As a formal device, it is equivalent also to consider a standard limit
with e = E/N (and A) held fixed if one replaces the Hamiltonian (1.8) by

H(xy5, xN)— Z WA(x)+N Y Valxs, y) (1.19)

i<j

In this formulation, the problem is clearly of mean-field type. The thermo-
dynamic limit for the canonical distribution with this class of mean-field
Hamiltonian was first established in 1982 by Messer and Spohn.!®) Their
proof covers even the situation of negative-temperature canonical distribu-
tions, but was restricted to the situation where the potentials V', and W,
are bounded. More recently, Caglioti eral™ and Kiessling®™ have
extended that work to the point-vortex model with singular Coulomb
potentials as described above. In these works also it was first pointed out
that the formal mean-field scaling is the correct thermodynamic limiting
procedure for Onsager’s theory. However, these works do not discuss the
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origin of the negative temperatures, which would require consideration of
the microcanonical distributions and a theorem on the equivalence of
ensembles. We emphasize the physical primacy of the microcanonical
distributions. There seems to be no other reasonable explanation of
negative-temperature states:  in particular, it is hard to conceive of
“negative-temperature reservoirs” in nature.

For any symmetric distribution of the N-vortex system with a density
w™(x,,..., x5), one may define the density of the rth marginal measure, or
reduced distribution, ¢™(x,,..., x,), as

r

O a2 =[xy dey B ) (120)

When p‘V is an equilibrium distribution, microcanonical or canonical, it is
easily shown that the ¢!’ obey a stationary hierarchy of equations which
couple oY) to o). However, Joyce and Montgomery have argued that
in the limit N — oo, for the canonical case, 0V (xy,.., x,) =TT, o(x;),
allowing them to close the hierarchy.?"’ The limiting one-particle distribu-
tion g is then seen to obey the mean-field equation

o=z exp| ~4 | dy V. el | (121)

where f is the inverse temperature and Z is a normalization factor. The
same equation was earlier derived (actually, a slight variant) by Joyce and
Montgomery, as a heuristic application of a maximum entropy principle.*®
In other words, the probability distribution ¢ on 4 which maximizes the
entropy

s@)= ~| dxe(x)log e(x) (1.22)
subject to the constraint that

slo)=1] dr | dyV.(x y)e(x)oy) (1.23)

takes on a fixed value e was argued to satisfy (1.21) for an appropriate
and to give the “likely” vorticity distribution of the system. Notice, in fact,
that if ¢ is interpreted as a vorticity field w, then (1.21) may be written as

—4y(x)=o(x)=Z"" exp[ —Bi(x)] (1.24)



Long-Lived Vortices in 2D Turbulence 841

where ¢ is the associated stream function given by (1.5). Furthermore, this
vorticity field is therefore a stationary solution of the Euler equation (1.2),
as is any field of the form w = f(y) for some f.

Corresponding results were rigorously obtained in the above-cited
works on the mean-field limit for the canonical distribution. In particular,
it was shown that

0 (X1, %) = [ Vido) 0(x)) -0lx,)  (weakdy)  (1.25)

where v is a probability measure on the space of distributions over A.
Moreover, v was shown to be concentrated on the L* solutions of the
mean-field equation (1.21) which minimize the free energy

d4(0) = Be(e) —s(e) (1.26)

(Actually, ¢, is B times the usual free energy f;.) If there is a wunique
solution of this variational problem, then the factorization predicted by
Joyce and Montgomery indeed occurs. Furthermore, in that case, there is
a law of large numbers for the empirical vorticity distribution,

1 N
sﬁ Z 8(x—x,) (1.27)

according to which, for any bounded, continuous function fon 4 and any
4> 0, and for the free energy minimizer ¢¥,

UA dx cﬁN(x)f(x)—L dx o*(x) f(x)| <6 (1.28)

with probability going to one as N — co. This renders precise the proposal
that g* is “most likely”.

Let us now state our own results.

In the first place, we study the mean-field thermodynamics of the
vortex gas starting from a microcanonical distribution on an “energy shell.”
To be precise, we consider the microcanonical-type distributions

HEeLea(dxy o dxy) =5 x{e- <HAMIN<e,} N(dx, - dxy)
N,[e_,es]

(1.29)

where

HW™M
QN,[e_,eT]=lN({e_< N <€+}> (130)
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and A is the mean-field Hamiltonian defined in (1.19) (with a technical
modification to be discussed below). Defining as usual a specific entropy

Sx.gle) as
1
SN,o(e)-_-X,lOg QN,[e—e/z,e+e/2] (1.31)

we show that the limit

s(e)=1lim Hm sy 0, (1.32)

f-—+0N—
exists for all ¢ and defines an upper semicontinuous function. In fact,
s(e) =sup{s(e): € Z'(4), e(@) =} (1.33)

where 2'(A) is the set of (Borel) probability measures on 4 and s(g), &(0)
are the obvious extensions of the previously defined functions to 2'(A).
Furthermore, we show, at least in the most favorable cases, that s(e)
exhibits the behavior predicted by Onsager: its maximum is achieved at e_;,
given by (1.18) and thereafter it is a decreasing function of e. The schematic
behavior of s(e) is sketched in Fig. 1.

Note s(e)= —co for e<0. Also, as pictured, s(e) is concave over its
entire range and has asymptotic slope —8=n as e - +o0. The graph is for

8,

log |A] 4~ =~

Fig. 1
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the case where A is a circular domain. However, the latter two properties,
particularly the concavity, are proved only under particular conditions.
In general, we can prove concavity of s(e) only for e<e_,,. If one defines

#(B)=inf{¢4(0): 0 #'(4)} (1.34)

which was shown in previous work to be (f times) the free energy, then we
show that its Legendre transform

§(E)=i%f [Be—¢(B)] (1.35)

is the closed, concave hull of s(e).

Further results are a precise form of a maximum entropy principle and
an associated statement on the equivalence of microcanonical and canonical
ensembles. To be precise, we show for the microcanonical distributions
uiy) ., that the same factorization of reduced distributions occurs in the

limit N — oo as for the canonical case, namely,

o™ f v(do) 0®  weakly (1.36)

but that now v is concentrated on a set
S={0eP (o) =c¢, s(0) =5s(e)} (1.37)

where ee[e_, e, ] is the point where the maximum of s over that interval
is achieved (this point will be unique if s is strictly concave there).
Furthermore, if s is differentiable at e, then

S={0eP": pp.0)=9(B(e))} (1.38)

where f(e)=s'(e) and the support of v is contained in the support of the
measure for the corresponding canonical distribution at inverse tem-
perature B(e). If @y, \(0)=4¢(B(e)) has a unique solution, then the two
ensembles completely agree for the equilibrium vorticity distribution. We
also discuss the situation when strict convexity or differentiability of s does
not attain.

Lastly, we establish a large-fluctuation theory for the empirical
vorticity distribution (1.27) with respect to the microcanonical distribution
on the phase space of N vortices. This result quantifies the previous law of
large numbers by stating, essentially, that for any 6 >0

PR e ({UA dx B (x) f(x) — L dx ¢*(x)- f(x)

;5}) e M4 (1.39)
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for some 4 >0. In fact, 4 is the difference between the maximum entropy,
s(e)=s(p*), and the maximum of s(¢) under the additional constraint
lo(f)—o*(f)l =6. This result is proved by means of a large-deviations
theorem for exchangeable distributions, which somewhat generalizes well-
known theorems of Sanov type. The latter also yields independent proofs
of the main results on the convergence of entropy and correlation func-
tions. However, we establish these results mainly for their foundational
significance in understanding the statistical and dynamical basis of
Onsager’s theory.

For convenience we have so far discussed the case of univalent vortices
with all circulations R;= 1, and, likewise, the proofs we give below are for
that special situation. The restriction especially to vortices all of the same
sign is rather severe as it rules out many interesting cases, e.g., the com-
monly simulated example of the overall neutral vortex gas composed of
equally many vortices with R,= +1 and R;= —1 in a periodic domain.
(However, it does correspond well to certain experimental situations, such
as the final equilibrium states of initial shear layers.**)) At the cost of some
complication of the arguments, our proofs can be generalized to the situa-
tions of both positive and negative signs of vortices, and the results of the
analysis are similar to those for the single-sign case. The vorticity fields are
then best considered as signed measures (see, e.g., ref. 7), whose “charge”
densities in the equilibrium distribution obey a modified form of the
mean-field equation in (1.21):

1 1
p(x) =7 €Xp [~B f Valx, y) p(y) dy:l —5

+

xexp | +8 [ V4(x ) o) (140)

This distribution is characterized as the one which maximizes the entropy
functional '

s)= —[ p,(x)logp  (x)dx— [ p_(x)logp_(x)dx  (141)

subject to the constraint of fixed energy (here p,, p_ are the densities of
the positive and negative vortices, giving the total vorticity p=p . +p_).
In fact, this was the situation considered originally by Joyce and
Montgomery**2" and Eq. (1.40) seems to describe well some recent
numerical simulations.®®® We have omitted treatment of this more general
situation partly because, in our opinion, the Young measure methods dis-
cussed in Section 4 provide a more general and convenient description of
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signed vorticity distributions. In that setting the above mean-field equation
is recovered in a “dilute-vorticity” limit,*>

We must mention a technical limitation of our proof is that it works
only for bounded potentials V', and W ,. Therefore, we must “cut off” the
singularities which occur in V,(x, y) for |[x—y|—=0 and in W (x) for
dist(x, d4) — 0. To be specific, we may introduce regularized potentials ¥,
Ws—along the lines of those defined in Chapter 2 of ref. 7 for a circular
domain A—which agree with V,, W, outside a “core” of radius é and
which have the property to converge pointwise, monotonically to V,, W,
as & » 07. Then, strictly speaking, our results for the thermodynamic limit
N - o hold only for a fixed § >0. On the other hand, we may take é as
small as we please, e.g., an atomic radius! In particular, as we argue in
detail in Section 4, the equilibrium predictions hold with good accuracy
and high probability for a fixed N sufficiently large, independent of é.

The physical limitation of Onsager’s theory to the conditions where
the vortex model is applicable is, however, quite restrictive, as Onsager
himself recognized. On the other hand, the full Euler equations given in
(1.2) are, in fact, an infinite-dimensional Hamiltonian system.®*?”) This
suggests that a similar statistical theory might be based directly on (1.2)
rather than on the special point-vortex approximation. Unfortunately, the
infinite-dimensional character of the dynamics has prevented the construc-
tion of suitable equilibrium measures which might describe the long-time
statistics of the empirical flow field. Recently, however, an extension of
Onsager’s theory to situations with a continuous distribution of vorticity
has been made independently by Miller‘®*?®) and Robert.* Their methods
appear rather different, but, in fact, the theories are completely equivalent.
Their generalization of Onsager’s theory removes the restriction to situa-
tions of dilute vorticity, although it is also limited, fundamentally, to times
less than the viscous diffusion time. Both Miller and Robert emphasize the
need to consider all the conserved first integrals of the Euler flow defined
by (1.2). In our opinion, however, the dynamical foundations and the
physical conditions for the validity of the Miller-Robert theory are not yet
completely clarified. For that reason, we have restricted most of our discus-
sion to the original point-vortex model of Onsager. However, in Section 4
we give an essentially self-contained review and critical discussion of the
extended theory.

Let us summarize now the content-of the remainder of this paper. In
Section 2 we establish the thermodynamic limit of the microcanonical
entropy and correlation functions, proving also an associated maximum
entropy principle. In Section 3 we establish a form of equivalence of ensem-
bles, valid under condition of concavity of the entropy, and validity of the
Joyce-Montgomery mean-field equations. In Section 4 we discuss the large-
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fluctuation theory and the statistical foundations of both the original
Onsager theory and the extended Robert—-Miller theory. Finally, in the
Appendix we give the proof of the large-deviations resuits.

2. CONVERGENCE OF THE ENTROPY AND
THE MICROCANONICAL CORRELATION FUNCTIONS
IN THE MEAN-FIELD THERMODYNAMIC LIMIT

As discussed in the Introduction, we wish to establish the limits

lim lim %log Qy ,=5(e) (2.1)

4l {e} N> o
defining the thermodynamic entropy as a function of (pair-specific) energy,
and in the appropriate sense, limits
lim o™ =p, (2.2)

,
N

of the correlation functions defined from the microcanonical distribution

(|
W= (| Fea) 23)
A(-)= A(-)/A(A) for a mean-field Hamiltonian of the form in (1.19):
o~ 1 1
H(N)(xy 0y X ) =X‘, Z Vix;, y:) +’ﬁ Z Wix,) (24)
i<j i

We may here assume that V" is nonnegative, continuous in A x A, vanishing
for one of its arguments in the boundary 04, and, therefore, bounded
above by some constant 2B < +o0. Likewise, W is assumed continuous on
A and bounded as {| W] < B. The constant B diverges as the cutoff 4,
discussed in the Introduction, goes to zero. '

We now state the fundamental theorem from which these results shall
directly follow. Let us define, for any energy interval 4 (open, closed, or
half-open/half-closed)

s(d)=sup{s(e): 0 P, e(0)e 4} 2.5)

with 2! the Borel probability measures on A, and s(g), &(¢) defined as in
Eqgs. (1.22), (1.23) of the Introduction. Then, we have the following result.

Theorem 2.1. The following conditions hold:
(i) Timy_ , (1/N)log Qy ,<s(d), where 4 is the closure of 4.



Long-Lived Vortices in 2D Turbulence 847

(i) limy_ . (1/N)logQy ,>s(4), where 4 is the interior of 4.

(iii) If s(J)=s(4), then any weak limit point of the sequence (" is
of the form

n=|v,do) g™ (2.6)

with v, a Borel probability measure on 2' which is supported on the set
S ={0e P e(0)e 4, s(0) =5(4)} (2.7)

We choose a subsequence u'M” such that u"¥ —pu (such a sub-
sequence exists by compactness). Clearly, pe#,, ie, y is a symmetric
distribution on A™. Hence, by the theorem of the Finetti®” cited in
the Appendix, an integral decomposition of the form (2.6) holds. We
characterize now its support:

Lemma 2.2. v, is supported on the set &5={pe P : ¢(g)ed}.

Proof. We consider the random variable H#“¥/N, distributed with
respect to u{¥. It is easy to check that by weak convergence (along the
subsequence) for any neN,

im w5 (%) )= ity @28)

k— 0 -Nk

where we have used that ¥ is bounded, continuous. Since |H™“Y/N,| < B,
the powers form a convergence-determining class of functions and H™¥/N,
converge weakly to the random variable ¢(¢) distributed with respect to v,
(see ref. 31, Theorem 8.48 and Proposition 8.49). Since the distribution of
BA™o/N, with respect to ¥ has support in 4, so must the distribution of
&(0) with respect tov,. W

Proof of the Theorem. We follow here a modified form of the
strategy used by Messer and Spohn'® for the canonical distribution. (We
thank M. Pulvirenti for insisting on the possibility of doing so: our original
proof of the theorem proceeded by means of the large-deviations theory of
Section 4.)

(a) Upper bound. Let u™® be the marginal of u™ onto {1,..,7n}.
By subadditivity of entropy for any N and »

1 1 TN 1
— S () g | K V)4 — § , (V) 29
N, AV N, [[ " :ﬂ Sy ) + N, N TNl (BN pmeng) (2.9)
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where [-] denotes integer part. By Jensens’s inequality,

N,
Sn—ningn1 (BN LNgn)) S (Nk—” i[ p }D log | 4]

(2.10)
<nlog|4]
Thus, by the upper semicontinuity of S,,
1
lim — Ny g — 2.11
kgx;ON Sw(k3) < S, (1) (2.11)
for every n. Taking the limit (or the infimum) in n, we see that
_ (Nie) =
T - Swu2) <hia) = [ v,(de) te) (212)

(b) Lower bound. For any energy interval 4, define the set
&5 ={0eP" e(0)ed, s(og)> —x}. We claim that if one takes any open
interval G 4 and any v supported on £Z, then the following estimate
from below is satisfied:

Jim —SN(u<N’)> [ v(de) sto) (2.13)

We may as well assume that | v(dg) s(g) > —oo0, since the estimate is clearly
true under the opposite assumption. Define the probability measure ¢3(-)
on (4", ") by

agN)E—Zl—Jv(dQ)QN({%MGG}n(-O (2.14)

with the normalizing factor

zNEjv(dg)gN ({f%v—)e G}) (2.15)

We shall see below that Z, > 0 for sufficiently large N, so that ¢" is well
defined. Observe that ¢") < 1%, with the density for A-ae. (xy,.., xx)

o (dxy - -dxy) 1

Mdx,) - Mdxy) Zy = X (AN e 6y (X 15 XN)

x [ v(de) e(x1) -+ olx) (216)
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as seen by applying the Tonelli theorem (we have taken the liberty to
denote also dp/dA by the same symbol ¢, which should not create any
confusion). Now, the maximum entropy characterization of u? states that

s (,u(N))"‘SUP {SN(/:ZN): fAneP(A, BY), ﬁN<{—I{7(\';V‘i€A}> = 1}

(2.17)
In particular,
Sn(pd) 2 Sn(e§?) (2.18)
On the other hand,
1
SN(O'(GN))=IOgZN"— dZN
Zy
{AWYNeG}
[ [t ¢ g | tde o*|
1
>log zN-——-fv(dg) f AN gV
Zy
{BWN)Ne G}
N
x < Y log g(xj)) (2.19)
Jj=1

the latter by Jensen’s inequality. From a generalized form of the strong law
of large numbers [see Eq. (Al1l) in the Appendix]

g™

1
lim ———-—QN(V)—E(Q) oN-as. (2.20)
N—>oo N

Since G is open and ¢(¢) € G, H™)/N e G for sufficiently large N, and

™
lim oM ({——-e G})=1 2.21)
N N

by dominated convergence. A second application of dominated con-
vergence shows that

£7 (V)
lim Z,= hm v(dg)g“({flﬁ-eG}O:I (2.22)

N-

822/70/3-4-22
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Because of the inequalities — oo < s(¢) <log |4]| and the fact that x log x is
bounded below, we see that for any ge &7, |logo| € L'(4, ¢). Hence, by
the usual strong law of large numbers,

—_— [ p—— N-
le_r’nc>o N, Z logo(x;)= —s(e)  oM-as. (2.23)

Using that — oo < { v(dp) s(¢) <log |4| and that

0< [ W(do) [ e(ax)log o(x)]~ < 1/e

(with x* = |x| + x/2), we can again make the argument that

[ (o) [ olax) f1og o(x)1 < +o0 (224)

Then, writing

N
o (X{HW)/NeG}(_ Z log o(x; ))

e (o)
+0" (Ximomeor (= 5 £ losete)—s@))) @29

we can apply dominated convergence once more to infer that

. 1 X
Jim_ [0 (timmmenr (5 T logels)))= = vdo)se)  (226)
Therefore, finally,

lim 5, (43> [ (o) s(e) 1)

N—= oo

(c) We now infer the main statements of the theorem. For every sub-
sequence (p™) along which (1/N,) Sy, (p$"¥) converges, we may clearly
choose another subsequence such that u{" also weakly converges. If
accu™ is the set of weak accumulation points of (p§"), then the reasoning

of (a) clearly establishes that

T < Suug < sup [v,(de)s(e) (228)

pe accpgN
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However, by the lemma, we see that the latter is bounded above by s(4),
giving (i). To obtain (ii), take G =4 in (b), so that

) 1
lim = Sy(k")> sup [ v(de)ste) (229)

N =0 v:v(é’;) =1
Specializing to v which are delta distributions 6, with
>
Q€ éaj

one obtains the lower bound by s(4). Under the assumption s(J4)=s(4),
the previous estimates show that

lim <8, (10) = 5(4) = [ v,(de) (0) (230

for any peaccuy’. We have already seen from the lemma that v, is
supported on &. Since [ v, (do) s(¢) =s(4), v, must in fact be supported on
%, for, in the opposite case, [ v,(dg) s(e)<s(4). W

In defining s(4), we have used the convention that sup & = —oco. Let
us note that if s(4)> —co, then %% # . This follows since, in the weak
topology, 2! is compact, s is u.s.c., and ¢ is continuous. To see the latter,
one should note that for any sequence (g,) in 2!, g, —> g, the sequence
of functions ¥,(x)=[V(x, y)e.(dy) is an equicontinuous family by
uniform continuity of ¥V on AxA and therefore ¥, (x)—y(x)=
[ V(x, y) o(dy) uniformly on 4.

We now return to the physically-motivated problems mentioned at the
beginning of this section. Toward addressing the first, let us define the
following function:

s(e)=sup{s(e):0e P, ele)=¢} (2.31)

with the same convention sup ¢ = —oc0. Let us note that by exactly the
argument used for s(4), the supremum in (2.31) is always attained.
Therefore, for each c<log |4],

{e:s(e)=c}=¢e({oe P :s(0)=c}) (2.32)

From this identity it follows further that s(e) is w.s.c. since its level sets are
compact, as a consequence of the continuity of ¢ and the compactness of
level sets of s(g) on 2! These properties are enough to deduce the
following result:
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Proposition 2.3. For any sequence of intervals 4| {¢} and with
s(e) defined as above,

. .1
Alir{x;{} ]\llgrlw -ﬁlog Qys=s(e) (2.33)

Proof. Combining the upper and lower limit statements of
Theorem 2.1, we see that

. 1 — 1 -
s(4)< lim —log 2y ,< Iim —logQy ,<s(4) (2.34)
N Y NS N ’

N -
However, just as a matter of working out the definitions,
s(4)=sup{s(e):ec 4} (2.35)
for any 4. But then, as a consequence of the u.s.c. of s(e),

lim s(4d)= lim s(d)=s(e) (2.36)
4){e} 4l {e}

which implies the result. W

We will establish now some of the basic properties of the entropy s(e).
Define dom 5= {e: s(¢)> —oo }. From (2.31) it follows that

doms=¢({oe P s(0)> —0}) (2.37)

so that, clearly, dom s< [0, B]. In fact, 0¢dom s, since we assume that
V(x, y}>0 for x, y¢ d4. Thus, (o) =0 iff supp ¢ =04, but then surely
s(@)= —oo. Hence, s(0)= —oc0. B may or may not belong to dom s,
depending upon the exact way in which V is cut off: for example, if
V(x, y)=2B for a set of (x, y) of positive A>-measure, then Bedom s, but,
typically, B¢ dom s. On the other hand, using the continuity of ¥, one can
construct by elementary means for each ee (0, B) a ge 2" with ¢(g) =e and
s(@) > —oo. Therefore, it always holds that (0, B) < dom s.

Let us next observe that s has the basic property conjectured by
Onsager: namely, s takes on its maximum value at e, given by

1
o =573 | 46 [ &y Yz ») (2.38)
Indeed, s(g) takes on its maximum log | 4| for the unique distribution in 2!

defined by A(-)/| 4] = @cue(-), with |A| = A(A). Since &(Qpp) = ey, 1t 18 just
a consequence of the definition of s that s(e;,) =log |4] and s(e) <log | 4]
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for e # e, If, as in favorable cases, s is also (closed) concave, than it must
be decreasing for ¢ > e, as was also suggested by Onsager. In particular,
B(e)=s'(e) <0, where s is differentiable for e > e, and, at the possible
countable number of points where s is nondifferentiable, the superdifferen-
tial ds(e)=[f_(e), fo(e)]=(—0,0) [with f,(e)=Ds(e) the left and
right derivatives].

The function s(e) defined in (2.31) is not, however, a priori concave.
A very similarly defined function

S(e)=sup{h(p): ne 7, &u)=ec} (2.39)

on the other hand, is concave. Here, for each pe 2,
Su) =14 [ palddx, dy) Vi, 3)

=Jv”(dg) &(o) (2.40)

The concavity of § is a consequence of the fact that & is an affine
function on 2, so that, for each ¢,, e,e R, 0< 1<,

/?.5‘1({¢21})+(l—}»)_§_l (e e {le,+(1 =N ey})  (241)
Thus,

S(le,+(1—21)ey)=sup h(AE 1 ({e; )+ (1—2) 51 ({e,}))
=sup{h(ig, + (1 =) p,): ;€ Z,, ()
=e;,i=1,2}
=i-sup{h(u): pe P, é(p)=e,}

+(1—=2)sup{h(u): peZ,, &(u)=e,}
=1-5(e;) + (1= 2) 5(e,) (2.42)

since 4 is affine. Since £ as defined in (2.40) is clearly weakly continuous on
2., §(e) is us.c. by exactly the same argument given above for s(e), but in
the context of #, rather than 2. That is, § is a closed, concave function.
Other properties of § are similar to those of s: dom §=dom s,
Slec)=log |A4|, and §(e)<log|A| for es#e.,. These follow by easy
adaptations of the arguments given for s(e).

In fact, §is a majorant of s: for all ee R,

5(e) = s(e) (2.43)
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This follows simply from the definition of 5, specializing ue % there to
p=0", 0e 2. (In fact, we see below that 5 is the closed, concave hull of
s, ie., the least closed, concave majorant of s.) For e < e, more can be
said. From what we have said above, § is actually (strictly) increasing for
e <e.y. Furthermore, for every eedom 3, the set

F={ueZ u)=e h(p)=5)} #¢ (2.44)

using—for the weak topology-—the compactness of &,, u.s.c. of /, and the
continuity of & Hence, for any pue & with e <e,,

5(e)=h(w) = [ v,(do) s(e)

<s(ny(p))  with n,(u)=fvﬂ(dQ)Q

[by Jensens’s inequality, using concavity of s(¢)]

< s(e(mi(p)))
< §(e(my(p))) < Se) (245)
since e=¢e(u)=[v,(do)e(e) >e(n,(1)) by convexity of &(¢). Therefore,

5(e(my(p))) = 5(e), which can only be true if ¢(n,(u)) =e, and thus, by the
chain of inequalities,

s(e)=35e)  (e<ecu) (2.46)

An immediate consequence is that s(e) is indeed concave for e<e.;.
However, we can give no argument, in general, that s(e) is concave for
e=e.,, and, indeed, for certain domain geometries 4, violations of
concavity are found.®?

A natural question which arises is the relation of s(e) to the free energy
#(B) (actually, § times free energy) defined from the canonical partition
function

Zyp= | dxy oo dxy g PR ) (247)

as
.1
#(B)= — lim ~1og Zy, (248)

If we define, for each feR, ¢5: ' — R by

¢5(0) = Pe(e) — s(e) (2.49)
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and §5: 2, — R by

Folw) = Ba(w) — () = [ v,(d0) 4 0) (2:50)

then it follows from the work of Messer and Spohn'®) that the limit in
(2.48) exists and equals

$(B)=inf{g,(0)}: 0 2'}
=inf{gy(u): pe 2} (2.51)

We see then at once that
#(B)= inf [e—s(e)]

= inf [fe—5(e)] (2.52)

so that ¢ is a Legendre transform of both s and §. Because §, in particular,
is closed, concave, it is the conjugate function to ¢(f):

S(e) = inf [Be—4(B)] (2.53)

Therefore we can also infer that § is indeed the closed, concave hull of s.
In the particular case that §(e) is strictly concave, we can infer that

5(e)=s(e) (2.54)

for all ee R, not merely for e<e_;; from which, trivially, s(e) is aiso
strictly concave. This is equivalent to the requirement that ¢(f) be essen-
tially smooth. For our case of a bounded (cutoff) potential, this is just the
requirement that ¢(f) be differentiable, which may be expected to hold in
many situations. For the case d =0 with A a circular domain, ¢(f) is an
explicitly known essentially smooth function of f, with ¢(f)= +oo for
B < —8rn (see refs. 19 and 20). Hence, in that case, lim, _, ,, s'(e)= —8=n.
For our modification, with § >0 but extremely small, we may expect that
s(e) for e, <e< B shall be nearly linear with slope —8xn, but for e < B
shall turn downward and lim, _ p- s'(e) = —c0.

We have now verified the main expected features of s as it appears
in Fig. 1. However, in addition to the possible nonconcavity we have
cautioned may occur for e 2 e_;,, we also do not see how to rule out that
s might have cusps, where it is nondifferentiable, or flat portions, where it
is affine, for certain domains 4.
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Let us turn, finally, to a brief discussion of the limiting behavior of
correlation functions defined by the microcanonical distributions . From
the correlation functions, defined generally as in (1.20) of the Introduction,
we can also define correlation measures du™' =0 di", or, directly, as

marginals of 4" on (47, #"). The following is a sample corollary of the
fundamental Theorem 2.1:

Proposition 2.4. If s(d)=s(d)> —co, then at least along a
subsequence (N,), all of the correlation measures ™ — yu, weakly, for

each re N, to the rth marginal of some pe . Furthermore, y, € A" with
densities g, given by

01 X)) = [ Vdo) @(x1) - 0lx)  X-ae: (2:55)

with v a Borel probability measure supported on 5.
The above proposition is, in fact, equivalent to part (iii) of

Theorem 2.1, since, to verify weak convergence of u{) —pued, it is

enough to show that p¥)(f) — u(f) for every continuous, local function f,
and this is just what is implied by the weak convergence of all the correla-
tion measures. The statement of the support properties of v here and in the
corresponding part of Theorem 2.1 is what is often referred to as the maxi-
mum entropy principle.®*® In fact, this makes rigorous part of the content
of the “maximum entropy principle” heuristically employed by Joyce and
Montgomery,®® according to which also g€ % are the “most probable”
vorticity distributions over A.

If %= {0), a singleton, then the latter statement is justified by the
following remark: for @, the empirical vorticity distribution defined in the

Introduction and for any f e C(A) it follows that

lim p(@(f) = e(/))=0 (2:56)

As an immediate consequence of the Chebyshev inequality, the random
variable @, (f) distributed under %) converges in probability to o(f) for
each f e C(A). Therefore, the distribution ¢ is indeed overwhelmingly likely.

In Section 4 we discuss even sharper statements of this form.

3. EQUIVALENCE OF ENSEMBLES AND THE JOYCE-
MONTGOMERY MEAN-FIELD EQUATIONS

We discuss now a version of the equivalence of ePsembles which is
relevant for our problem. We have just seen that, if s(4)=s(d), then the
limits of 4" are of the form = | v,(de) ¢™, where v, is supported on the
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set 5= {oeP' ¢e(p)ed, s(g)=s(2)}. Let us define for any single point
eeR a corresponding set

L={eecP' ¢(0)=¢ s(0)=5(e)} (3.1)

For the canonical distributions an analogous result on limiting distribu-
tions and support properties was established by Messer and Spohn.“® In
terms of the functionals defined in the previous section, they showed that,
for each feR, the canonical distributions at inverse temperature f, u§"),
defined by

1 -
#gC) = Zs f dx, -+~ dxy e TPANm ) (32)

have as their weak accumulation points measures of the form
p=[v,(de)o", where v, is supported on the set

F={0eP": ¢s0)=¢(B)} (3.3)

of free energy minimizers.

We now prove the fundamental result which relates the supporting
sets of the accumulation points for the two ensembles. We must emphasize
that our argument depends crucially on the concavity of the entropy s at
e, ie., s(e)=5(e), and that we cannot make any statement on equivalence
without that assumption. In the following argument, we freely identify s
and § at the point e.

Theorem 3.1. For each eedom s, define f_(e)=(D_s)e),
B . (e)=(D_s)(e), corresponding to the right and left deviatives of s at e.
Then, if s is concave at e,

A= U Z (3.4)
BelB-(e)B.(e)]

Proof. (1) The argument is a standard one in mathematical
programming and calculus of variations based on the duality of convex
functions (e.g., see ref. 35). However, we give the argument in detail, for the
sake of completeness. It is natural to consider separately the cases e < e,
and e > e, corresponding, respectively, to regions of positive and negative
terlnperatures. Define, for every eedom s, the Lagrangian function L, on
Z' xR, by '

L.(0, B)= —s(e) + Ble(e) —e) = #p(e) — Be (3.5)
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Now show that for eedom s and e< e

—s(e)=sup 1nf L.(o, B)= mf sup Lo, B) (3.6)

B0 0P

and likewise for eedom s and e > e,

—s(e)=sup 1nf L.(o, B)- mf sup Lo, p) (3.7)

B0 CEP

We consider first in detail the case ¢ <e_y,. Observe that

Qiengf,l Lo /3)=giengf,1 95(0) — Pe=9(f) — Be (3.8)

Since s(e) is the concave conjugate of ¢(f), it follows that, for e < e,

—s(e)=sup [§(§)— pe] (39)
B=0
and, in fact, the supremum is achieved for f*e [f_(e), f.(e)]. This gives
the first equality in (3.6). On the other hand,

zug L.(¢, B)= —s(e) + sup B(e(e) —e)
_[—s(e) if elo)<e
_{+oo if go)>e (3.10)

Then, since s(e) is nondecreasing for e < e, it follows that

inf sup L.(¢,f)=— sup s(g)= —s(e) (3.11)

ee?! B=0 eePlie(o)<e

and, as we already observed, the supremum is achieved for some ¢* € 2.
In particular, we have the second equality in (3.6).

The changes required in the argument for e>e.; should be
completely obvious.

(2) We now show that ¢* € & iff there exists a f*e [B_(e), f.(e)]
such that (¢*, B*) is a saddle point of L (g, B), that is,

L.(¢* BY<L.(e* B*)<L.(0, B*) (3.12)

for all ge 2! and =0 (in the case e<e.y,) or <O (in the case e > e ).

Let us prove the direct statement for the case e <e_;,. We have seen

above that
sup L.(¢*, B)= —s(e)= lnf L. (o, B*) (3.13)
B=0
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Clearly, it suffices to show that L, (¢*, f*)= —s(e). However, this is also
obvious since, from the above, L, (o* B*}< —s(e)<L,.(o% B*). The
argument for e > e, is essentially identical.

Conversely, suppose {g*, §*) is a saddle point of L, (g, §). Taking the
supremum over § and the infimum over ¢ in (3.13), we obtain

—s(@*) < L.(¢*, B*) < ¢(B*)—B*e (3.14)

and g(g*)<e (for e<e.y) or e(o*)=e (for exze.,), since L, (o*, f*) is
finite by assumption. But then s(o*)<s(e) and also —¢@(f*)+ f*e = s(e).
Therefore,

—s(e)= —s(e*)=L.(¢*, p*)=$(B*)— e (3.15)

Since s(e) is increasing for e < e, and decreasing for e > e, we conclude
that, indeed, ¢* € &.

(3) To complete the argument, we now show that if (¢*, f*) is a
saddle point of L (g, B), then ¢* minimizes @. for some f*e [B_(e), B . (e)].
From what was shown above, the condition that (g*, §*) be a saddle point
of L, is equivalent to the pair of inequalities

$p(0*) — Be < —sle) < Pgu(@) — e (3.16)

for the relevant range of f and for all g € #'. Now, as we have essentially
observed,

Voe?',  Pre—s(e)<¢p(0)
< f*e—s(e) <Qien_;l 9g+(0)=¢(p*) =inf [f*e —s(e)]

< f*e—s(e)=4(f*)
< p*ref_(e), B.(e)] (3.17)

Furthermore, specializing the first inequality to f= f*, we obtain

Pp-(0*) < f*e—s(e) = ¢(8*) (3.18)

Thus, o* minimizes ¢.. |

It is worth observing that there is a conditional converse of the above
statement. Namely, if s is stzrictly concave at e, then for every minimizer o*
of ¢, for some f*e[f_(e), B, (e)], (0* B*) is a saddie point of L (o, B).
Indeed, since f*e [B_(e), f.(e)]. we have already the second inequality
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—5(e)<Pp0)—P*e by the above argument. To establish the first
inequality, we argue as follows: set ¢(g*) = e*, so that s(¢*) < s(e*). Hence,

Bre* —s(e*) < p*e(e*) —s(0*) = §p=(e*) = ¢(B*) (3.19)
However, since ¢(f*)=inf,[ f*e —s(e)], in fact,
B*e* —s(e*) = p*e* —s(o*) = ¢(8*) (3.20)

Therefore, e* € (0¢)(B*), the superdifferential of the concave function ¢
at f*. Since f*e [B_(e), f.(e)] = (Os)(e) and, by assumption, s is strictly
concave, (0¢)(B*)= {e}, ie.,

e(e¥)=e*=e (3.21)
Hence, using the second halif of (3.20), we see that
s(0*)=p*e— p(f*)=s(e) (3.22)

However, we have seen in the proof of the above theorem that g(o*)<e
(for e<ey;) or ele*)=e (for exey;) and s(o*)=s(e) are precisely
equivalent to the validity of the inequality

¢5(0*) — Pe< —s(e) (3.23)

for all relevant B [ie., 0 or f<0, respectively; see (1) of the proof].
We conclude that (¢*, *) is indeed a saddle point of L,.

Therefore, under the additional assumption that s is strictly concave
at e, we have the precise equality

g= U % (3.24)
BelB-(e)B+(e)]

On the other hand, if s is linear over some segment including e, the
inclusion will in general be strict. We may note, similarly, that if ¢(f) is
strictly concave (which we expect: see below), then s is essentially smooth
and ds(e) = {B(e)}, where B(e)=s'(e). Hence, under the assumption that ¢
is strictly concave

%€ Ty (3.25)

and under both assumptions that s(e) is essentially smooth and strictly
concave, identity holds,

Z» = g—’B(c) (3-26)
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The implication we wish to draw from the theorem is the following:
the support % of the limiting microcanonical measures is contained in the
support #; of the limit of some canonical measure for a temperature
pelB_(e), f.(e)]. In the most favorable case that s(e) is essentially
smooth and strictly concave, there is identity,

However, even then there may be in general a nonidentity
aACC o1 o #g_),eg FaCly1 o #;3}(\2) (3.28)

{with s(e)=sup s([e_,e.])}. In the very special but important situation
that s is essentially smooth and %, = {0p.)}, a singleton, then also
& = {03}, and for N — oo

w
Hz%a)) "Q?(e) (3.29)
and
w15 o (3.30)

also. According to the remark at the end of Section2, the empirical

vorticity distribution under these assumptions distributed according to §Y)

or ufl), ; converges in probability to gg.) In that case, we have a
complete equivalence of the two ensembles.

For the canonical distribution, there is actually the further information
obtained from explicit correlation bounds®?% that for peaccy;q, u§"

v(FHNL®)=1 (331)

Now, it is not hard to verify that s(g), (¢) are C!-functions on the Banach
space L= with differentials

ds(g)-h= —f dx[logo(x)+ 1] h(x) (3.32)
and
de()-h=| dx| dy V(x y)olx) h(y) (333)

defined for all he L*(A4) and for p in an L*®-neighborhood of any
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p*e Ly ={peL®: L*:ess.inf p>0}. Therefore also ¢4(0)=Pe(e)— s(o)
is differentiable, and any solution of the variational problem
inf{@4(0): 0€ P " LT} is also a solution of the variational equation

dpglo) = A* (3.34)

where A* is a Lagrange multiplier to incorporate the normalization
constraint

de e(x)=1 (3.35)

By using the explicit forms of the differentials ds, de, it is easily seen that
the variational equation is equivalent to the mean-field equation

exp[—B [ dy V(x, y)o(»)]
fdxexp[—p [ dy V(x, y)e(y)]

olx)= (3.36)

such as was first derived by Joyce and Montgomery?? (actually, as noted
in the Introduction, their equation was for a slightly different situation). It
is here seen to be obeyed by the limiting canonical distributions under the
mild extra condition that ess.inf p>0 [which from Eq. (3.36) is, indeed,
found true a posteriori]. On the other hand, it should be noted that there
may be solutions of the mean-field equation which are not solutions of the
variational problem. It has been pointed out by Caglioti®® that strict
concavity of ¢(f) follows if the mean-field equation is obeyed, since no p
may satisfy Eq. (3.36) for two distinct §s.

While we expect that for the microcanonical case also, if
s([e_, e, 1)> —oo and if peaccyrq ufd’ ., 1, then v (L*)=1, we do not
- see how to obtain the correlation bounds to verify this. Of course, if s is
differentiable and %)= {04}, then also &% = {g4.,} S L=, so the result
follow. If, in any case, we have a priori that ge N L%, then the method
of Lagrange multipliers implies, since y(x)=[,dy V(x, y) ¢(y)#0, that
there exists a §* € R such that

ds(o)=p* de(o) + A* (3.37)

which is identical to the above variational equation and the equivalent
mean-field equation, for §= §*, derived from the canonical distribution. It
then follows easily in conjunction with Theorem 3.1 and the assumption

Y #0 that f*e[f_(e), B.(e)].
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4. LARGE FLUCTUATIONS AND THE STATISTICAL
FOUNDATIONS OF ONSAGER’S EQUILIBRIUM THEORY

We here discuss the topic of large equilibrium fluctuations of the
empirical vorticity in the mean-field limit. Then we draw some conclusions
for the ergodicity requirements necessary to justify Onsager’s equilibrium
assumption, emphasizing their extreme weakness in practice. These results
and observations have, of course, a general validity in equilibrium statisti-
cal mechanics, and our point here is just that they carry over to the mean-
field situation. The proofs of the statements given here are mostly relegated
to the Appendix, for readers interested in the technical aspects, and we only
give precise statements and a discussion of the physical implications. We
finally make a critical discussion of the recent Robert—Miller extension of
the Onsager theory to allow continuous distributions of vorticity. Although
we believe this theory is an important advance, we are not satisfied with
the attempts so far to provide it a dynamical foundation, which, in fact, do
not give a clear understanding of the physical conditions necessary for its
validity. In fact, it was largely the Robert—-Miller work which motivated
this section, just because the dynamical picture is much clearer for the
vortex model and a rather complete discussion of the theoretical founda-
tions can be made. The disadvantage of our restriction to the vortex model
is that it applies, literally, in relatively few situations.

The principal result- of this section concerns the asymptotics of
fluctuation probabilities for the empirical vorticity

CﬁN=

2]
ANk

5, P (4.1)

1

H

considered as a random variable distributed under the microcanonical dis-
tribution p{V. It is physically just a statement of the Einstein-Boltzmann
fluctuation principle, and technically an upper-bound large-deviations

estimate. In a form which suffices for our purposes we have:

Theorem 4.1. If 4 is an interval with s(4) = s(4) and &/ any Borel
subset of 2!, then

— 1 -
lim Nlog M@y e o)< sup ds(o| ) (4.2)

N 0 oes7
where ds(o|d)=s(o|d)—s(d)<0, and

s(e) if e(o)ed

S(QIZ)F:{_OO i oo)¢d (4.3)
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We here offer only a brief discussion of the proof. Recalling the definition
of the m.c. distribution as

p()=2V(- | Hy/Ne 4) (4.4)

we see that estimates of the following form would suffice:

fim —;\—rlog Mloyesd)n {HM/Ned})

N=— o
< sup  (s(e)—log|4]) (4.5)
et nel(4)

and

1 R W™
lim XrIOg AN({TE A})? sup (s(e)—logid]) (4.6)

N—o ece~l(d)
Since it is easy to check that

g™
———&(Dy)

2B
<=
N

<% (4.7)

these are essentially large-deviations estimates of the standard form, but for
the product measures A”. In fact, the required results are nearly identical
to the so-called Sanov property:

im l1og IN(dye )< sup (s(o)—log |4]) (4.8)
Now N oecs
and
1, -
lim —log AM(dye ) > sup (s(g)—log |4]) (4.9)
N—w® N cesd

for each o € #(2'), which is discussed, for example, in refs. 34 and 36.
Because we require a slight variation, for which we did not find a con-
venient source in the literature, we outline proofs in the Appendix. In fact,
our argument there follows very closely a proof of Georgii of level-3 large
deviations for Gibbsian random fields on integer lattices Z%.3% By taking
advantage of the affine structure at level 3 we are able to prove technically
somewhat stronger results than those obtained by a level-2 formulation.

The immediate implication of the theorem is the following: let & be
a closed subset of 2! such that 4 n % = . Then,

A= —sup 4s(g|4)>0 (4.10)

ceX
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and, for any small >0 and all sufficiently large N,
e oyeH)Ke Nx—m (4.11)

That is, the probability for the empirical vorticity to lie in the set 5", which
excludes the set &5 of entropy maximizers, decays exponentiaily in the
number of vortices N. This is physically the sharpest form of the maximum
entropy principle, since it states that the probability to observe anything
other than the equilibrium (maximum entropy) configuration is exponen-
tially small.

We have already observed in the Introduction that serious doubts may
be raised about the (strict) ergodicity of the point-vortex model. However,
we see now that results considerably weaker than strict ergodicity will
suffice to provide equilibrium statistics. The above result shows, after all,
that the region of the energy shell in which nonequilibrium behavior is
manifested has a microcanonical measure (essentially reduced Liouville
measure) which decays exponentially in the number of vortices. Therefore
it would suffice, for example, if the vortex dynamics had a very large but
fixed number of ergodic components as N — co which had fixed, finite
fractions of the total measure of the energy shell, or even if the number
of ergodic components went to infinity if only their individual measure
fractions went to zero slower than exponentially in N. In any such case,
the long-time probability starting in any ergodic component to observe a
nonequilibrium vorticity distribution would be vanishingly small. The rate
of approach to equilibrium in any ergodic component could be a far more
serious constraint on the applicability of Onsager’s theory.

The large-deviations result also justifies the physical relevance of the
cutoff models with & positive but (extremely) small. One might worry that
N — oo followed by é — 0 is the “wrong” order of limits. In particular, for
the limit N — oo first there is in fact an infinite number of point vortices
within a core radius é of any fixed vortex and the condition for the d-core
dynamics to agree with the point-vortex dynamics, and therefore also
the real dynamics of fluid blobs, will be violated. Notice, however, that
Adss(e|4) in the large-deviations result is just a macroscopic quantity and
continuous in ¢ as J | 0. In particular, the minimum number N of vortices
to ensure a smaller probability than ¢ of a nonequilibrium event %",

Ny(e, &)= log(1/e) (4.12)
—Supae o AS&(Q i A)

is essentially independent of é for 0 <6 <d,. Thus, we may first select the
“deviation” A" and the “likelihood” &, and then choose & so that

8?Ny(e, X )< 1 (4.13)

822/70/3-4-23
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This guarantees that the number of particles in the typical final equilibrium
configuration which are within a core radius ¢ of any fixed particle shall
be essentially zero. Considerations of this sort essentially show that the
result with bounded potentials suffices to justify the use of the mean-field
equations.

We turn now to a discussion of the Robert—~Miller theory, which we
shall first review from the point of view of Robert.?*> A basic tool of his
theory is the description of vorticity fields in terms of Young measures,
ie, a space M,,(4) of measurable mappings x+> v, from A to the set
P ([—-m,m]) of Borel probability measures on [—m,m]. (Here,
measurability is with respect to the Borel g-algebra for the weak topology
on 2([ —m, m]).) The bounded interval [ —m, m] is to be considered as
a set of possible vorticity levels. Young measures generalize in a natural
way the notion of a measurable mapping from A to [—m, m]: for
each we L2(A)={we L®(A): |wll, <m} we may define a trivial Young
measure ., via

0 X 04y &€ (4.14)

The space M,,(4) may be supplied with the vague topology of positive
Radon measures on Ax[—m, m] by the identification of the Young
measures with such a measure v by the formula

v(f)= L dx(vy, f(x, ) dx,  feC(Ax[—mm]) (415

Any ve M, (4) may be approximated in the vague sense by a sequence of
d,’s (with w even restricted to step functions) in which the spatial distribu-
tion of vorticity in an arbitrarily small neighborhood of a.e. xe A4 (ie., the
fraction of the area corresponding to each level set of vorticity) converges
weakly to v,. From this we obtain the proper intuitive interpretation of v,
as describing the local distribution of vorticity values. In fact, the usual use
of Young measures in PDEs is to describe the small-scale spatial oscilla-
tions of weak solutions. In Robert’s theory, Young measures enter again in
that respect. Even though in two dimensions global classical solutions exist
to the Euler system (4.1) for classical initial data, their infinite-time limits
may be measure-valued even for classical initial data, since the dynamics
mixes the vorticity to increasingly fine scales. Hence, 9,(2) becomes a
natural space to consider in a theory of long-time statistical equilibria.

If wge L2(A) has energy &(w,) and vorticity distribution n,, defined
as

mof) = dx flaol) (4.16)
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for all feC([—m,m]), and if its Euler flow trajectory, w(z)=
®,wae LE(A) for each reR, converges at least along a subsequence
o{t,) = ve M, (A4) in the vague sense, then it is easy to check that

nO=L dxv, (4.17)
and
s(wy)=¢(¥) (4.18)
where ¥ L7 (A4) is defined as
i(x)= : ]va(dl) ae. xeAd (4.19)

Thus, the long-time limits retain the full information about the initial
constants of the motion of the Euler flow &, defined by (4.2). In fact,
Robert shows that there is a natural extension of @, from LX(A) to a
flow @, on M, (A), actually unique subject to the requirement that it be
continuous on IM,,(A), which is defined as

(5;V)X=V¢I—1(x) (4.20)

where ¢, is the Lagrangian flow map associated to the initial vorticity 7.
According to this evolution, the local spatial fluctuations of vorticity are
“frozen” and transported by the mean velocity.

There is also a notion of entropy associated to the Young measures
analogous to the entropy s(¢) we have defined for ge2'(4). For
no € PY([ —m, m]), a given reference probability measure, and n=dx® 7,
the “uniform”™ Young measure, with the same distribution at each point,
one may define the Kullback entropy

dv
—|log|—1}d if &
H(v)= fog(dn) v e (4.21)
~ o0 if v&€n

through the identification of Young measures with positive Radon
measures on A x [ —m, m]. So defined, &, is <log|4| and u.s.c. in the
vague topology on I,,(A). It is also easy to see from the definitions that
Ao (Bv) = A (v).

In terms of this entropy, one can formulate a heuristic maximum
entropy principle, similar to that enunciated by Joyce and Montgomery,
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according to which, for a given initial datum wqe L2 (4), the “most likely”
long-time limit v* € M, (A) is the solution of the variational problem

A, (v¥)=max A, (v) (4.22)

&= {v €M, (A): () = e(ewo), L dxv, = nwo} (4.23)

In particular, the long-time behavior should depend only on the initial
values of the constants of the motion and not upon the specific initial
datum w,. If £* is the maximizing subset of &, then, by the invariance of
Ay, B (E*)=&%, and, in particular, §,(v*)=v* if §* = {v*}. Therefore,
certainly under the assumption of uniqueness, v* is stationary under the
(extended) Euler flow &,, and is a quite reasonable candidate for the
long-time limit. In fact, under the assumptions that A, (v*)> —co and
o*(x, A)=v*(dx dA)/n(dx dA) is in L®(Ax [ —m, m]), one may apply the
Lagrange principle to show that a mean-field equation is obeyed:

o*(x, l)=-ZTlﬂeXp[—°t(i)—Bi!//*(X)] (4.24)

where «(1) is a function on [ ~m, m] and f a real number chosen so that
o*ne &, y* is the stream function associated to

w*(x) =j (% 2) mold) (4.25)

[—mm
and

Z(x)= [ =0~ I Iy (d)) (4.26)

is a normalizing integral.

Robert attempts to justify the assumption that £* is the “most likely”
behavior in terms of a “concentration theorem.” The exact formulation of
his notion of conditional concentration is rather complex, and we do not
attempt to explicate it here precisely. However, we observe that it is
dependent upon a certain sequence of a priori distributions on IR, (4).
If X is a finite measurable partition of 4, X= {4"i=1,.., N(¥)}, such
that |4°| = |47] for all i, j, and 6(X)=sup, (diam 4’) is the diameter of the
partition, then for (4,.., Ayz))€[—m m]¥®), define a trivial Young
measure

ﬁ!(il yreey A’N(;)) = 5(Z'N(x1) Jixal) (4.27)
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associated to the step function

N(X)

Z AiX 4

i=1

piecewise constant over the partition X. One may regard ¥; as a random
variable distributed with respect to the a priori distribution % = n)® over
[—m, m]™¥®. The meaning of conditional concentration is, essentially,
that £* is the overwhelmingly most likely subset of & with respect to %
as 6(%X)]0. In fact, Robert asserts (without proof) the following large-
deviations estimates, which seem to us a clearer expression of the same fact:

“Tim log 2, )< A, 4.28
5(135”0]\,(%) 0g Z(Vxe )< v:t;p< =(v) (4.28)
and
im ——log Z(Vyeof)=sup A (v) (4.29
a(xuoN(x) g P (Vx veg )

for any Borel subset of I, (A). These are obviously another extended
version of the familiar Sanov resuits.

While we believe that Robert has indeed correctly identified what will
be, in many situations, the long-time limits, we do not think that the
theory has been justified in a sufficiently clear way. In particular, the physi-
cal conditions for its validity are not precisely spelled out. It is usual in
statistical mechanics that its predictions become valid in a certain limit
where a physical parameter becomes large or small, such as our limit
N - 0. It is not clear from Robert’s presentation what this physical limit
should be. Furthermore, we do not think that Robert’s Young measure
method should be regarded as a replacement for the statistical mechanics
analysis in terms of stationary measures. We have already seen that the
probability measures v, x € 4, should be interpreted as the spatial distribu-
tion of vorticity. It is well defined for a given empirical flow field (to a
certain degree of resolution) and has nothing to do whatsoever with the
statistical fluctuations which shall occur over time or over an ensemble of
similarly prepared samples. Such statistical fluctuations will certainly occur
for a finite value of the physical parameter, and, indeed, it is observed in
numerical simulations that final equilibria have to a good approximation a
permanent form but are subject to continuous slight change in shape and
size (e.g., see ref. 37). Although the overwhelmingly most probable behavior
is of the greatest interest, the fluctuations also occur and should be
described by an appropriate stationary measure.
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The large-deviation estimates of Robert are actually suggestive of an
alternative of this sort. Corresponding to a given partition X of the flow
domain A, one might define a microcanonical distribution

bz, s()=P(-|Vx€ &) (4.30)

By employing the appropriate large-deviations theory, one could justify
(following the argument in the Appendix) the thermodynamic limit of the
entropy, the maximum entropy principle, and the large-fluctuation theory,
such as we earlier discussed for the point-vortex model. An upper-bound
large-deviations estimate for uy , is an a priori reasonable statement that
&* is “most” of & (with respect to uz ) as 6(X)— 0. The chief difficulty
with this proposal is that ug . is not a stationary measure for the Euler
flow @, when considered as a distribution over M,,(A). It certainly is not
obviously the correct candidate to describe the actual statistical fluctua-
tions (although one may believe that it probably suffices in practice.)

However, the approach of Miller is essentially equivalent to the above
prescription in a canonical version.?>?®) His starting point is a formal
expression for the Gibbs distribution as a functional measure:

Z(ﬁl - [ do(x)d[n, —mo] e~ PHE (4.31)

with the partition function

2(, 7o) = T1 dootx) o[m, — o] e=P#) (432)

xeAa

which is formally invariant under the Euler flow @, [here, H(w)=2¢(w)].
To render the above formal expression meaningful, Miller introduces a
square-lattice partition of the domain, and restricts the integral to the
piecewise-constant vorticity fields. Furthermore, looking at f, which scales
with a as B, = B/a® he applies heuristically the method of steepest descent
to argue that

- lin{) a*log Z(B, my)

= inf {ﬂs(f) — A (v): v M, (A), j dxv, = no} (4.33)

in the Young measure notation of Robert. This is clearly a canonical form
of the limit result previously suggested for the microcanonical measure
Kz, With 8(X)=a and N(X)~|A4|/a®>. Therefore, it has the same
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limitation that the lattice-measure for finite a is not stationary, whereas the
continuum measure is only a formal object.

In his thesis®® Miller has made some further suggestions which, we
believe, illuminate the situation. (An extended account of his work has just
appeared in ref. 38.) We would like here to paraphase his discussion and
expand upon it somewhat.

First, Miller is much clearer that a physical limit is required for the
validity of the theory, whereas this is very much implicit in Robert’s
approach. Indeed, Miller implies that the constant a should be interpreted
as a (spatial) dissipation scale, where viscous dissipation becomes signifi-
cant, analogous to the Kolmogorov scale # of homogeneous turbulence. It
is important to understand that the theory depends upon a large separation
of scales, L > a, between the macroscopic dimension L of the flow domain
and the dissipation scale a. This corresponds also to a large number of
degrees of freedom in the macroscopic (or superinertial) range of the
hydrodynamic equations. It is also important to understand that small
viscosity plays a double role in justifying the theory: first, it implies that
there will be a sufficiently loggfifne period (somewhat less than the viscous
diffusion time) and, second/ a sufficiently large range of spatial scales over
which ideal Euler hydrodynamics will be valid.

Furthermore, Miller has made a suggestion which we believe has
promise to provide a better dynamical understanding of the extended
Robert-Miller theory. There have been recent investigations of finite-mode
analogs of two-dimensional Euler equations based on SU(N) Lie algebras
(e.g., see ref. 39). These algebraic models have O(N?) modes and O(N)
conserved equations. Formally, both the dynamics and the conserved
integrals converge to those of the two-dimensional Euler equations as
N - coc. A sufficiently good convergence result, analogous to that of
Hald“? for simple Fourier truncations, might provide an appropriate
dynamical basis for the theory. One can conceive of a final justification
along the following lines: First, a convergence proof that, for small
viscosity, O(N?) Fourier modes of the hydrodynamic equations (in the
superinertial range) shall have their evolution well-approximated over a
long time interval by the SU(N) model equation with N large. This reduces
the problem to a dynamical analysis of the SU(N) model. In particular,
there is the (very difficult) problem to establish that the SU(N) dynamics
achieves an “effective” microcanonical distribution within the time interval
of its validity. Granting that—the usual ergodic assumption of statistical
mechanics—one must analyze the large-N limit of the O(N?)-mode
microcanonical distributions. This presumably reproduces the results of
Miller and Robert. Such a convergence result could certainly illuminate a
point which both Miller and Robert have emphasized: the importance of
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considering all the conserved first integrals of the Euler flow. At present,
there is only limited evidence of the importance of the additional conserved
quantities,®* but it is certainly a key issue of the Robert-Miller theory.
Finally, the O(N?)-mode microcanonical distribution would be a theoreti-
cally well-founded measure to describe the statistical fluctuations which
occur for finite N (i.e., finite viscosity) over the time interval of quasista-
tionarity of the vortex structure.

Note. After the completion of this work we received the thesis of
Caglioti.®? In that thesis more extensive studies have been made than here
of the thermodynamic potentials and equilibrium vorticity distributions.
Also, another proof of the mean-field limit for entropy and microcanonical
correlation functions is given, which, however, is restricted to energies
where the entropy is concave and thus equivalence of ensembles holds.

APPENDIX. MATHEMATICAL FRAMEWORK AND THE
PROOF OF THE LARGE-DEVIATION ESTIMATES

Our setup is as follows: 4 is a compact subset of R (or, generally,
R9), # its Borel o-field, and (2, # ) = (4, #)" the product space. For each
keZ™, define the shift 0,: Q> Q by

O (x;:ieN)=(x;,.,:ieN) (Al)

Clearly, 0= {0,:keZ*} is a semigroup of endomorphisms of the measure
space (@, F)..If 6*: N> N is a bijection fixing all but finitely many
¢lements (ie., a permutation of finitely many integers), then define
0:2—>Q as

o i€ N) = (Xougy i€N) (A2)

The set of such ¢: Q2 — © form a group S, of automorphisms of (2, ).
For each NeN, denote by S its subgroup of those o: @ —» Q such that
o*(i)=1i for i>N, so that S, = y.n Sy. Let 2 denote the set of all
probability measures on (2, ), % the subset of & invariant under the
semigroup 0, #, the subset of 2 invariant under the group S, and Z,
the subset of 2 consisting of elements of the form o™ for some
oe P =P(A, B). We commonly refer to 2, as the shift-invariant distribu-
tions, to P, as the symmetric (or exchangeable) distributions, and to £, as
the product distributions on (A, #)™. It is a consequence of Theorem 3.2 of
ref. 41 that 2, = &, and, obviously, #,. = Z..
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For each nonempty SN, we let /T5: Q — A5 be the projection map
defined by

Og(x;:ieN)=(x;: i€ S) (A3)

and F=1I15'%5 the corresponding sub-g-algebra of #. For each ue 2,
we write ug=po 15" for the marginal distribution of y on (4, #)°. In the
particular case S= {1,.., N}, we write Hg=1I, Fs=Fy, ps=piy. We say
that f: Q — R is finite-body or local if it is Fg-measurable for some finite
S N.

With respect to the product topology, 2= A" is a compact metric
space. If C(2) denotes the continuous functions on £, then the weak
topology 1, on 2 is the coarsest topology relative to which the evaluation
maps p+~> u(f) are continuous for each fe C(Q). It is equivalent to
requiring continuity of the evaluation maps for fe =% n C(), since
every continuous function on £ is the uniform limit of continuous, local
functions [see ref. 42, Remark 2.21(2)]. Therefore, we may take as an open
base for 1, all sets of the form

U= {ve2: max [v(f)-u(f)l <5} (a4)

for ue 2, fie L€, i=1,.,n,and 6 >0. It is well known that £ with respect
to the t,-topology is itself compact and metrizable (e.g., ref. 43). Finally,
it is easy to check that &, 2., and £, are closed subsets of 2 and may be
equipped with the subspace topologies. Each of the spaces #, &, £, and
2, are natural measure spaces in association with their Borel o-algebras
B(P), B(P), etc.

We next recall the definition of the specific entropy or mean entropy of
a measure u€ %, as

1

h(p)=lm —— I(pg; A°) (AS)
st S

where, for two measures «, § on the same measure space, I(x; f) denotes
the relative entropy of « with respect to § (see ref. 42, Section 15.2). In fact,
the last reference defines 4 and develops its properties for the case where N
is replaced by Z% and the shifts 8, form a group of automorphisms rather
than merely a semigroup of endomorphisms. However, it is easy to check

that all the development there carries over to the case we consider. Hence,
we may take as well known the following properties of # on %:

() For all ue®,

W) =inf - Sy (y) € [~ 20, log A(4)]
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(i) 4 is us.c. and its level sets {h>c}, c<log A(4), are compact
and sequentially compact.

(iii) 4 is an affine function on &%,.

In the statement of (i) we have used the more physical notation
Sy= —I(-; A"). Since £, is a closed, convex subset of %, the same proper-
ties hold for # when restricted to £, and, likewise, since £, is closed in %,
(1) and (ii) hold when 4 is restricted there.

The structure of the space £, of symmetric or exchangeable- distribu-
tions is important for our discussion. It is a well-known theorem of
de Finetti®® (see also Dynkin®**) that, if 2'=2(4, #) and &(2) is
the evaluation o-algebra of subsets of 2! generated by the sets
{ge P o(B)<c} with Be # and 0<c< 1, then for every ueZ,, there is
a v,e(2, (2")) such that

u=|vdo) " (A6)

where identity is in the sense u(f)= | v, (dg) ¢™(f) for fe &. Furthermore,
the correspondence u+> v, is bijective and affine. If #(2") is the Borel
c-algebra for the weak topology on £!, it is easy to check that
E(PY) = RB(P') using the separability of 2! for the weak topology and a
simple monotone class argument. Hence, v, is a Borel probability measure
on #'. We may note that, according to the theorem of Hewitt and
Savage,“!) the extremal elements of 2, are just the product measures,

ex?,={oV:0e P} (AT)

Therefore, the above representation is a usual type of extremal integral
decomposition. It is a simple computation that

h(e™) = s(0) (A8)

where s(¢)= —I(g; /). As a consequence of Theorem 15.20 in ref. 42, it then
follows that

h(p) = [ v,(de) s(e) (A9)

for u given by (A6) above:
We shall be concerned with symmetric averages or symmetrizations of
local functions fe %, ie, if f is &y-measurable, the function

PNfENl!- Y feo (A10)

ce Sy
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It is well known that for ueex? =2, fe %,

lim Pyf=|fdu  u-as (All)

N

[e.g., see ref 42, Example 7.16, Remark 7.13, and Theorem 7.12(a)].
Obviously, this is just a generalized form of Kolmogorov’s strong law of
large numbers. We are here concerned with large deviations from this
ergodic behavior.

The collective asymptotic behavior of all such symmetric averages can
be described conveniently by a single quantity, a periodic empirical field.
For our purposes, given Ne N and a configuration w € A", this is defined
by

1
Q;):‘]\—[_! Z 5(aw)pcreg (A12)

ceSy

where @™ eQ for we A" is the periodic continuation of w defined as
(@P); = X;(moa v)- It is then immediately obvious that gy: oy is a
measurable function from A" to 2. In fact, g, is measurable into %;:

Proposition A.1. o,:w+> g% is a measurable function from
(4", B") into (%, B(%)).

Proof. If C, is the subgroup of Sy defined by the N cyclic permuta-
tions of {1,.., N}, then we may also write ¢ as

1 1
Qw =7 ATt 0 oW )Per
N N HEZCN N! JEE;SN ( )Pe
1A
=N’ igo —N'_! Z 50,~(:7w)9“ (AIS)

ceSy

The latter expression clearly exhibits that ¢%e%. Moreover, by the
separability of &, for the weak topology and a simple monotone class argu-
ment, B(%) = (%), where £(%,) is the evaluation o-algebra generated by
the sets {ue Z: u(B)< c} with Be #(%) and ce [0, 1]. From this remark,
the (%, #(%,))-measurability is obvious. |

For f e %,, the #,-measurable subspace of &, we define naturally a
function oy f:AY >R as gn frwr 0% (f)=[fdo%. Obviously, ¢ f
coincides with P, f previously defined.

However, % has the disadvantage that, although ¢% € %, nevertheless
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0% ¢ 2. Therefore, it is natural to introduce also a symmetric empirical field
o%, defined as

1 N N
i=(3 2 %) <2 (A14)
i=1

Observe, as a matter of fact, that §4e#,, which is important for the
later development. This field may be used as a replacement for g% as a
consequence of the following proposition:

Proposition A.2. For each fe %,

Jim ligw f—x /1 =0 (ALS)

Proof. If fe¥, for m<N,

1
éN(f) = 7\7—; z f(xzp(l)r": x(p(m)) (A16)

peM(@mN)

where M(m, N) is the set of all mappings from {1,..,m} to {1,.., N}, and

N—m)!
o3 N=L"E S fxy Rom) (A17)

@ e M(m,N)

where M(m, N) is the set of all injective mappings in M(m, N). Since
therefore

(A18)

eN(f)—en () <2|fls <1 _M\’:_’"_)!)

Nm
for all we A%, the result follows. W

An important consequence of Proposition A.2 is that, for every we Q,
0% and % have the same accumulation points in & with the 7,-topology.
In particular, all of the accumulation points of ¢4 belong to £..

Now we formulate the statement of the large-deviations theorem
which we shall subsequently prove. Let (uy: NeN) be a sequence of
probability measures u, on (4, #)". The symmetric empirical measures
Oy €2, as random variables under u, are said to satisfy a (level-3) large-
deviations principle, with rate function I: &, — [0, +oo], if, for any
measurable C= £,

— 1 ~
lim Nlog/.t,v(é,ve C)< —inf (C) (A19)

N—
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and

1
lim —loguy(2neC)> —inf 1(C) (A20)

where C (resp. C) is the closure (resp. the interior) of C in the 7 ,-topology
relativized to 2.

It is important to observe that the spaces ' and £, may be, essen-
tially, identified. Indeed, if 2, is given the 1 ,-subspace topology and £’ its
own weak topology, it is easy to check that the bijection g€ 2!+ o™ e 2,
is actually a homeomorphism. Therefore, it is also, an isomorphism of the
measurable spaces (2!, Z(2")) and (2., #(Z.)). In particular, we can see
that there is no real distinction between the above level-3 principle and the
corresponding level-2 principle formulated in terms of the empirical
one-particle distribution

N
Y 5, eP! (A21)
=1

H

for each NeN. In fact, in the level-2 formulation, results analogous to
those we establish below, so-called Sanov properties, were proved before
(e.g., see refs. 33, 34, and 36). However, working at level 3, we can prove
somewhat stronger results: in particular, convexity restrictions on the
conditioning set may be removed in the statement of the maximum entropy
principle. (Observe that {pe?':¢(¢)e [e_, e, ]} is not convex, since £(g)
is not affine.)

It is convenient here for us to use an alternative, completely equivalent
formulation of the large-deviations property (e.g., see ref. 33). We make the
following definition:

Definition A.1. A symmetric asymptotic empirical functional
(SAEF) {(Fy,F)} is a family (F,:NeN) of symmetric measurable
functions  Fy: AY - (—o0, +0], together with ~a functional
F: 2, - (— o0, + o] which is bounded below and such that

1 .
—=Fy—F(dy)

v =0 (A22)

=]

lim

N =

The definition of the SAEF is not the most general for which the results
below are valid, and in fact, Georgii has shown (Remark 1.4 of ref. 33) that
the Theorems A.1 and A.2 below still hold under the weaker conditions
that

lim inf EFN(w)—ian(U(@N))]zo (A23)

No oo wedV
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and

lim sup l:—lA—rFN(w)—sup F(U(@“A’,)):ISO (A24)

N> ®© e gV

for every basis element

Uv)={neZ: sup |u(f)—v(f)I <38}

1<gign

of v for the 1,-topology, with f,e €, 1=1,.,n, 6>0. We may refer to
{(Fy, F)} which satisfies the above weaker conditions as an SAEF in the
wide sense. We remark that these weaker conditions are just a version in
the context of lattice systems of those proved by Varadhan in a general
large-deviations context to be sufficient for the Laplace theorem.*>

For any F: %, — (—0, +0] we define F* (resp. F).) to be the
upper semicontinuous regularization (resp. lower semicontinuous regular-
ization) of F on £,. Then, an equivalent formulation of the large-deviations
property is just that, for every SAEF {(Fy, F)},

— 1 .

th NloguN(e“F”)s —inf[ I+ Fi. ] (A25)
and

lim -]l\—rloguN(e“F”)z —inf[ I+ F*°] (A26)

N>

In particular, taking, for any measurable C< %, F(u)=0 if peC,
Fp)= 400 if u¢C, and Fy(w)=NF(g%), one obtains the previous
statement. '

We now state the main theorem. Denote by 1 the normalized
Lebesgue measure on (A4, 8), ie., A(-) = A(-)/|4] so that e 2(A, #). Then,
AV is a sequence of probability measures on (4, #)" for which the
following holds:

Theorem A1. (I¥:NeN) satisfies a level-3 large-deviations
principle for g, with rate function I: #,— [0, + 0] given by I(u)=
log [A] —h(p).

Proof of the upper bound. For the proof, let us only indicate the
differences from the proof of the corresponding Theorem 1.2 in ref. 33. We
may work in the compact, convex space &, and take {(Fy, F)} an SAEF
in the associated sense, i.e., F: &, — [0, + oo ]. Proving the upper bound in
such a framework, one can return to the statement of our theorem by
choosing F= +o0 on £,/%,. Just as in the proof in ref. 33, one introduces
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the Gibbs distribution u% on (A4, #)", which, indeed, may be defined for
any SAEF with AV({Fy< +o0})>0 by

e A () S Pt (A27)
Furthermore, one may define a measure ji% e 2, by

N—-1

=< Z (EyNog (A28)

which corresponds to that in (4.3) of ref. 33. Here, (u%)™ stands for the
probability measure on (£, %) relative to which the projections
(I ;- 1)m.in)icn are independent with identical distribution u},. Then, the
Lemma 4.1 of ref. 33 still holds. Likewise, Lemma 4.2 still holds, with the
following changes: (1) #¢ must replace % in the definition of F and (2)
0 n must replace ¢ ,.

We must finally verify that the measures 4% and ufg, have the same
accumulation points, as N — co, as the analog of Lemma 4.3 in ref. 33. We
state this as follows:

Lemma A.1. Forall fe?,

Jim LR ()~ urén()1=0 (A29)

Proof. As a consequence of Proposition A.2, we may clearly replace
Oy in the above statement by ¢,. Now it is very easy to check that, for any
SAEF {(Fy, F)}.

Bhen=pye (%) (A30)

where i7" A" —  is the injection i (@)= wP*". Indeed, for f¢ &,

1
(e N=757 T | #h(do) f(owp™)

ceSy

= [ u(doo) fwP) (A31)

where the symmetry of Fy has been used. But then it follows easily, as in
Lemma 4.3 of ref. 33, that

% (f)—uyen() <

<o et No1)iasie M) aR)

where f is &,-measurable. This gives the result. M
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The rest of the proof of the upper bound in ref. 33 goes through in our
situation, with only some obvious alterations (e.g., . must be everywhere
replaced by £°).

Proof of the lower bound. For this part of the proof, we must
necessarily remain in the space &,. However, since every element of &, is
ergodic relative to 6, we may just follow exactly the proof in refs. 46 and
47 for the ergodic elements, to obtain the lower bound

im%log WNe™Myz —[1v) + F*()] (A33)

pointwise for every ve #,. Of course, this yields the result. W

The Gibbs measures introduced in the course of the above proof have,
obviously, more than just a technical interest. In fact, u% for an SAEF
{(Hy, H)} represents a very general version of a canonical Gibbs measure
for a mean-field Hamiltonian H,. As a consequence of the above theorem
and a basic extension principle (e.g., see Theorem IL.7.2 in ref. 48), the
sequences (u7) have also a large-deviations property. We state this result
as a corollary:

Corollary A1. Let {(Hy,H)} and {(Fy,F)} be two SAEFs.
Suppose also that H is continuous and inf[/+ H]< +oc0. Then, p% is
essentially well defined and we have

Tm ——log u (e ) < —inf[I7 + Fig,] (A34)
and
1
lim ﬁlog ul(e™™) = —inf[I7 + F**°] (A35)
N—=

where the H-modified entropy function I =1+ H —inf[I+ H].
Proof. The proof follows that of Coroliary 1.5 in ref. 33.

We now wish to state a limit theorem for the distributions of the type
(1) which is, properly, a “minimum free energy principle.” By abuse of
notation, we write pf for an arbitrary probability measure on (2, #)
whose marginal distribution (A4, )" coincides with the Gibbs distribution
(A28). Then, we have the following result.

Theorem A.2. Let {(H,, H)} be an SAEF satisfying
inf[ I+ Hy ] =inf[I+ H*] < +o0 (A36)
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Then, in the limit N — oo, the sequence (u4) admits at least one accumula-
tion point ue %, and each such u has a representation p= [ v w(dv) for a
Borel probability measure on the compact set

MP={ve?  I(v)+ Hy(v)=inf[I+ H,. ]} (A37)

Proof. The proof of this theorem is essentiaily the same as that of
Theorem 1.6 in ref. 33. In the same way as there, it is shown that

¢ #aCCy1 o iy S {I+ H=min} (A38)

and {I+ H=min} is equal to the set of all mixtures of measures in
{I+ H,,=min}. Here, as before, H: #, — [0, + ] is extended to £, by
the definition H= 4+ on £,/#, and H is the lower convex envelope of H
relative to £,. The only thing that remains to be shown is that

ACCy1 e A =aCCy1 0 Uo (A39)

However, this was essentially already seen in the proof of Lemma A.1, for
it was found there that

By () =pRon (A40)
so that, for any fe %,, with our abuse of notation,
py () =uien(f) (A41)

The latter equation obviously holds for any fe . with N sufficiently large.
Therefore, the result follows from the statement of Lemma A.l and
Proposition A.2. B

Comment. In view of our earlier remark about the identity of £, and
2, we may just as well represent the limit points in the above theorem as
i= | v(dp) o™ for a Borel probability measure v on the compact set

M¥={ge2": h(o)~s(¢) =inf[ . — 5]} (A42)

with A(e) = H(o™).

As a corollary, we may deduce a similar result for generalized distribu-
tions of microcanonical type. Indeed, for any measurable C< 2, with
A¥@ne C)>0, one can define a distribution % on (4, B)" by

pE(-)=2"(-1ayeC) (A43)

Then, the following holds.

822/70/3-4-24
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Corollary A.2. (Maximum entropy principle.) if C is an
h-continuity set and ToC its closed convex hull, then

@ #aceyy o w(-) € {peTC: h(u) = sup H(C)) (A44)

Furthermore, each such accumulation point has an integral representation
of the form u = [ v(dg) ¢" for v a Borel probability measure on the compact
set

M€= {ge 2" s(¢)=sups(C)} (A45)

with C=CN,

The corollary follows directly from Theorem A.2 by taking H(u)=0 if
peC, Hu)= +oo if p¢ C, and Hy(w)= NH(G%).

The proof of Theorem 4.1 in Section 4 is an explicit application of the
previous general results. We need the following lemma.

Lemma A.2. Define {(Fy, F)} by

_ 0 if HN/Ne[e_,e+]
FN((D)—{_'_OO if ﬁN/N¢ [e_,e.] (A46)
and, likewise,
(0 if &u)ele_,e.]
F(u)—{+oo if &u)éfe_,e.] (A4

Then, {(Fy, F)} is an SAEF in the wide sense.

Remark. 1t is easy to check that (H™),§) is an SAEF. However,
{(Fy, F)} as defined above is not, because an SAEF must have the
property that {Fy= 400} = {F(dy)= +o0} for N sufficiently large. This
clearly does not hold.

Proof. Let us check the first condition (A23). Now, one can see that,
given U(-)=U(-; fi,.., F,, 0) defined as in (A4) with f;, i=1,..,n and d
fixed, there is an #>0 such that ve&~'([e_ —n, e, +7n]) implies that
UWv)né Y[e_,e.])# . Since obviously we can find a ¢ >0 such that
the open metric ball B,(v)< U(v) for all ve %, [by uniform continuity
of the evaluation maps pr u(f), fe £], we can replace U(v) in this
statement by B,(v). Define

K,=t""[e_~ne, +n]) (A48)

and
K=&"Y[e_,e. 1) (A49)
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so that
ﬂ K,=K (A50)

n>0

Because £, is a compact, metric space for the weak topology and & is
continuous, K,, K are all compact. If d(p,v) is the (Prohorov) metric
on 2., define an u.s.c. function dy: 2, - R* by

dg(p)=d(u, K)= jgf{ d(p, v) (A51)
Then, define
9(n) = sup delp) < +o (A52)
ne Ky
We show that
lim é(n)=0 (A53)
n—0

Indeed, suppose the contrary, that there is a sequence #,, | 0 such that

6(n,)=0>0 (A54)

for all n. Define for every 7,

K,(0)=K,n {d>6) (A55)

a compact subset of K, and decreasing for # 0. By the assumption,

K, (0)# D (A56)

since the us.c. function dj achieves its supremum on each K, . However,
since the K, (0) monotonically decrease as 70

K,(6)# & (AS7)
for all . Then,

G# () K(8)=Kn {dg>5} (A58)

n>0

However, clearly Kn {dx> 5} = &, a contradiction. Thus, 6(n) |0 as # 0,
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as claimed. To complete the argument, we now simply choose # sufficiently
small that 6(n) <e. Then, clearly, for ve K|,

B,v)nK# & (AS59)

since d(v, u) is continuous in u for v fixed and therefore achieves its
infimum on K, which is less than g.

The point of the above observation is the following: by choosing N
sufficiently large that

<y (A60)

@©

1 - o~
o

it follows that, if, for we A", (1/N) H™M(w)e[e_, e, ], then also &@y)€
[e_ —n, e, +n], so that by the above, F(u)=0 for some pe U(g%), and
inf F(U(g%))=0. That is, Fy(w)=0 implies inf F(U(3%))=0 for all
we A”, for N sufficiently large. Obviously, this implies (A23).

The argument for the second estimate (A24) is virtually the same and
may be omitted here. W

Comments. (i) The above lemma actually holds if {(A"), %)} is
replaced by any SAEF {(Hy, H)} with H continuous. (ii) However, the
result is not necessarily true if we use only that H is continuous on a
complete, separable metric space: weak compactness of 2, was essential for
our proof.

To derive Theorem 4.1, we now apply Corollary A.1 with the above
wide sense SAEF {(Fy, F)} playing the role of {(Hy, H)} there. However,
since F is not continuous, one must check to see what is the corresponding
result and apply the condition s(4) = s(1). We remark, finally, that using
the above lemma in conjunction with Theorems A.1 and A.2, we obtain an
independent proof of Theorem 2.1 in Section 2.
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